The Effect of Mandrel Speed upon the Residual Stress Distribution around Cold Expanded Hole  by Farhangdoost, Kh. & Hosseini, A.
Available online at www.sciencedirect.com
 
ICM11 
Analytical model for identification of frequency response 
of a centrally clamped disk 
E. Taralloa*, G. Mastinua, M. Gobbia 
aDipartimento di Meccanica, Politecnico di Milano, via La Masa 1 I-20156 Milano, Italy 
 
Abstract 
The evaluation of the frequency response of a mechanical component is the key to understand its 
dynamic behaviour. In this work, the component is a centrally clamped spinning disk in a generic 
machine. The disk has been modeled as a thin plate by using the Kirchhoff's theory, taking into 
account only the out of plane displacements. Four parameters of the stationary disk have been 
identified in order to minimize the mean square error between the eigenfrequencies of the disk 
(computed by the thin plate model) and the corresponding eigenfrequencies computed by a FE 
model reproducing the actual complex disk shape. The eigenfrequencies of spinning disk are 
obtained for various nodal diameters and nodal circles and they are compared to the corresponding 
eigenfrequencies computed by FE model. 
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Nomenclature
 
E Young’s modulus 
D flexural rigidity of the disk 
h equivalent height of the disk 
w transverse displacement (deflection) of the plate 
įkl Kronecker delta 
r radial coordinate 
t time 
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ș circumferential coordinate of the cylindrical coordinate system 
Rnm combination of Bessel functions to represent the mode shaper or the plate in the r 
direction 
Jn(Į), Yn(Į) Bessel’s function of the first kind and of the second kind 
In(Į), Kn(Į) modified Bessel’s function of the first kind and of the second kind 
ri internal radius of the disk 
re  external radius of the disk 
Ȟ Poisson’s ratio 
ȡ density of the disk 
Ȧnm undamped natural frequency 
n number of nodal diameters in the mode of the disk 
m number of nodal circles in the mode of the disk 
ȍ constant rotating speed of the disk [rad/sec] 
kĳ torsional stiffness of the boundary at inner radius of the disk 
kw axial stiffness of the boundary at inner radius of the disk 
fn,0 frequency of the disk associated to the mode with n nodal diameter and 0 nodal 
circles 
fn,0FEM frequency of real disk FEM associated to the mode with n nodal diameter and 0 nodal 
circles 
1. Introduction 
Rotating circular disks are fundamental components of many engineering systems, such as 
turbines, circular saws, automotive brakes and memory disk drives. Such disks may change their 
frequency response due to velocity of spinning; moreover they can deform significantly when 
subjected to transverse loads that excite their natural frequency. For these reasons, their behavior 
must be understood to facilitate a correct design.  
The first linear analysis of rotating disks was performed by Lamb and Southwell [1]. They 
calculated the natural frequencies and mode shapes of the transverse vibrations of a complete disk, 
accounting for the effects of the centrifugal and bending stresses. In a subsequent paper, Southwell 
[2] extended the previous results to the case of a centrally clamped annulus. Eversman and Dodson 
[3] analyzed free vibrations of a centrally clamped spinning circular disk by using a power-series 
solution of the eigenfunctions. Barash and Chen [4] used a numerical method to reduce and 
integrate the equations of motion of a freely rotating disk.  
Using a power series solution, Adams [5] calculated the critical speeds at which a uniform 
flexible elastic disk is unable to support arbitrary spatially fixed transverse loads. He also accounted 
for the effect of an elastic foundation; he found that it raises the critical speed of rotation. Shen and 
Mote [6] analyzed the stability mechanisms of a stationary circular plate subjected to rotating 
forces.  
Nowinski [7] investigated the nonlinear transverse vibrations of a spinning disk using the large-
deflection theory of thin plates, as developed by von Karman. Efstathiades [8] analyzed the large-
amplitude transverse vibrations of imperfect circular disks using the Galerkin procedure; he 
accounted for nonlinearities due to the strains associated with plate rotations and in-plane 
displacements. Yasuda and Uno [9] investigated the nonlinear axisymmetric dynamic response of a 
circular membrane to a primary resonance excitation. Yasuda et al. [10] investigated theoretically 
as well as experimentally the phenomenon of self-excited oscillations of a circular disk.  
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Finally Baddour and Zu [11, 12] analyzed spinning disk taking into account also in-plane and 
rotary inertia of the plate; the derivation focused on the use of Hamilton’s principle with linear 
Kirchhoff and nonlinear von Karman strain expressions. 
In the present paper, an investigation is conducted into the nonlinear transverse vibrations of a 
centrally clamped rotating disk using Kirchhoff equations reported by Baddour and Zu [11, 12]. 
The linear undamped form of these equations is used to implement the model devoted to determine 
the linear natural frequencies of spinning disks. In the analytical formulation, the disk is clamped at 
the inner radius through elastic elements and it’s free at the outer radius. 
The first step of the work is to identify few parameters that allow the analytical simplified model 
to fit a FE model of a real brake disk concerning frequency response. Then in the second step, 
spinning terms have been introduced in the analytical “identified” model; the frequency response of 
this model has been compared with the frequency response of the FE model of an actual spinning 
brake disk. 
2. Analytical model formulation and identification in stationary condition 
Consider the problem of small transverse vibrations of a thin spinning circular plate. The 
equation of motion describing these vibrations is derived in [11]. The equation of motion that 
results from using assumption of linear (Kirchhoff) strains (LSM) is given by 
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Note that eq. 1 is basically the equation for the transverse vibrations of a stationary plate with 
additional terms that account for the rotary inertia and the bending moment due to the centrifugal 
force. In this work the rotary inertia of the plate has been ignored by dropping the wt 222 )/( ww  
term. 
Consider the disk in stationary condition. Without the bending moment due to the centrifugal 
force, eq. 1 is simplified as 
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Eq. 2 has a general solution given by eq. 3. 
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Bae and Wickert [13] investigated the free vibration of disk-hat structures. They highlighted the 
influence of the three-dimensional hat on the frequency response of the disk.  
The hat influence has been taken into account inside the boundary conditions applied at the inner 
radius. 
So that in order to determine the solution coefficients of eq. 3 and 4, the inner radius has been 
clamped elastically to the ground and the outer radius has been let free. The boundary conditions 
are given in eq. 6. 
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Eq. 6 shall be re-written as: 
> @ > @ 0  Tnmnmnmnmxnm DCBAkT 44)(  (7) 
In order to avoid trivial solutions, the determinant of the matrix T in eq. 7 has to be null. This 
procedure leads to the evaluation of frequency response of the disk by calculating knm and Ȧnm 
through eq. 5. 
In the present work the parameters of the analytical model has to be identified by fitting its 
frequency mapping to frequency mapping of a real disk shown in figure 1. The frequency response 
of the real disk has been computed through the use of a FE model (103657 tetrahedral elements, 
27696 nodes, 83088 variables). 
 
 
Fig. 1. (a) real disk; (b) FE model of the real disk; (c) frequency response of the disk 
Figure 1 shows that the actual disk is not so close to a thin homogenous annular plate. So the 
prosed method has to minimize the error between the frequency mapping of the analytical model 
and the frequency mapping of the actual disk. This identification process involves 4 physical 
parameters of the analytical model that influenced mostly the frequency response of the disk. The 
parameters and their ranges of variability are shown in table 1. 
Table 1. Physical parameters of the analytical model used for identification process 
Parameter name Lower bound Upper bound 
ri 0,0450 0,1125 
h 0,0095 0,0280 
kĳ 0,80e6 3,20e6 
kw 1,73e4 6,90e4 
A Sobol distribution of parameters (400000 samples) has been used to evaluate the frequency 
response of the disk. The objective function defined by eq. 8 has been minimized. 
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The optimum solution of the problem leads to a residual error of 7% on the first 5 modes with 0 
nodal circles. Table 2 shows the comparison between the frequency mapping of the analytical 
identified model and the frequency mapping of the actual disk (FE model). 
(a) (b)
(c)
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3. Analytical model formulation and identification in spinning condition 
The equation of motion of a thin spinning disk by neglecting rotary inertia term reads 
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Table 2. Comparison between frequency mapping of analytical model and of FE model 
Vibration mode [n,m] Analytical model frequency [Hz] 
FE model 
frequency [Hz] ¨ Frequency [Hz] Error [%] 
[1,0] 518 568 -50 8,80 
[2,0] 838 834 4 0,48 
[3,0] 1660 1749 -89 5,09 
[4,0] 1880 1918 -38 1,30 
[5,0] 4408 4207 201 4,78 
Bae and Wickert [13] deduced the following general solution of the differential equation (eq. 9). 
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Following the same steps of § 2 and applying the boundary conditions given in eq. 6, eq. 7 
becomes 
> @ > @ 0  Tnmnmnmnmxnmnmnmnm DCBA))(Ȧ),ȕ(ȦT(Į 44  (13) 
The set of physical parameters identified in stationary condition is used in spinning condition. A 
sensitivity analysis has been performed on the influence of the rotation speed of the disk on the 
frequency response. 
Figure 1 shows the behavior of the first 5 eigenfrequencies of the disk and the comparison 
between the eigenfrequencies obtained by the analytical model and the eigenfrequencies calculated 
by using the FE model (analytical solutions in solid line and FEM solutions in dotted line). 
 
Fig. 2. Comparison between first 5th eigenfrequencies of the analytical model and first 5th eigenfrequencies of the FE model 
changing the rotational speed of the disk. 
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4. Discussion 
The analytical model developed in this work is based on the assumption of linear (Kirchhoff) 
strains applied to a thin elastic homogeneous annular plate. This assumption leads to an error when 
the model is used to evaluate the frequency response of an actual disk. In this work, the 
identification process of 4 physical parameters of the analytical model allowed to minimize the 
RMS error between the frequency mapping of the analytical model and the frequency mapping of 
the FE model. 
The identified analytical model has been used to evaluate the frequency response of the disk in 
spinning conditions. As shown in previous work [14], the influence of the spinning within the range 
of variability useful for automotive applications (0-30 rad/sec) is negligible if compared to other 
physical parameters such as thickness of the disk, stiffness of the elastic foundation and material 
properties of the disk. 
The analytical model is more influenced by the variation of the rotational speed rather than FE 
model. One possible reason may be the larger stiffness of the linear tetrahedral asymmetric FE 
model compared to the thin elastic homogeneous analytical model.  
5. Conclusion 
An analytical model that allows the evaluation of frequency response of a real disk through the 
use of a limited number of parameters has been presented in the paper. Concerning the frequency 
mapping, the analytical model reduces the residual error below 7% by identifying only 4 physical 
parameters. 
The identified model is able to describe not only the stationary condition of the disk but also the 
spinning condition. 
The developed model shall be used to investigate the dynamic problem of a spinning disk in 
automotive applications such as analysis of brake system noise. 
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